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Recent research has shown that the compressive membrane action (CMA) significantly enhances the load
bearing capacity of FRP strengthened concrete beams. It is of great interest to investigate the effect of
CMA on the structural reliability of such beams and how to incorporate the benefits of CMA into partial
factor based design. Following a CMA model and the probabilistic models of its corresponding design
variables, the effect of CMA on the reliability indices of FRP strengthened concrete beams was investi-
gated. A parameter study as well as a sensitivity analysis were also conducted with parameters including
properties of FRP and steel reinforcement, concrete properties and geometrical properties. The reliability
indices with respect to load ratios i.e. ratios of the variable load to the total loads is selected to quantify
the effect of CMA. The results show that the CMA effect significantly improves the structural reliability of
FRP strengthened concrete beams. The parameter study indicates that an increase of the concrete
strength and yield strain has positive effect on the structural reliability while an increase of FRP ratio,
FRP modulus, steel ratio as well as the concrete ultimate strain has an adverse effect. Furthermore, it
is found that the variations of the concrete strength, the FRP Young’s modulus as well as the concrete
cover have a significant influence on the reliability index; the variations of the ultimate strain of FRP,
the yield strain of steel reinforcement and the ultimate strain of concrete have a moderate influence
on the reliability index. Finally, an adjusted partial factor for the FRP strength is derived for cases where
CMA would already be considered in the design stage.
 2018 Elsevier Ltd. All rights reserved.1. Introduction
The application of externally bonded fiber reinforced polymer
(FRP) composites is extensively recognized as a suitable method
of strengthening existing concrete structures either to restore lost
bearing resistance or to meet changing load demands. Because of
its advantages, e.g. small and light profiles and corrosionresistance, FRP has been frequently applied in strengthening and
rehabilitation ranging from beams or slabs lacking in flexure or
shearing to columns deficient in confinement. Although much of
the early work of FRP applications was conducted in a determinis-
tic way to have an understanding of FRP behavior and the
interaction between FRP and concrete structures, recently several
researchers have focused on the evaluation of FRP strengthened
concrete structures considering a probabilistic framework.
An early attempt to examine the reliability of concrete struc-
tures with externally-bonded FRP was performed by Plevris et al.
[1]. They considered flexurally strengthened beams subjected to
474 Y. Zeng et al. / Construction and Building Materials 169 (2018) 473–488changes to design variables and proposed calibrated resistance
reduction factors for design. Okeil et al. [2] investigated the relia-
bility of reinforced concrete bridge girders strengthened with CFRP
laminates by focusing on the cross-sectional flexural behavior and
developed the resistance models for RC cross sections rehabilitated
with CFRP laminates and the corresponding appropriate design
factors as well. Karbhari and Abanilla [3], Atadero and Karbhari
[4], and Wieghaus and Atadero [5] have worked on the reliability
analysis of FRP strengthened bridge decks. They proposed an
approach for achieving a broad applicability of reliability-based
design of composite materials and calibrated the resistance factors
for reliability-based design after analyzing the influence of mate-
rial variability on the reliability considered. Pham and Al-Mahaidi
[6] presented a reliability study on RC beams retrofitted with
externally-bonded FRP considering three common failure modes
and provided the capacity reduction factors for corresponding fail-
ure modes. In the work of Wang et al. [7], the authors summarized
some useful tools and supporting databases that can be used to
develop reliability-based guidelines for design and evaluation of
FRP composites in civil construction and showed their application
with several practical examples. Ribeiro and Diniz [8] also pre-
sented recommendations for a reliability-based design framework
by assessing the reliability indices and failure probabilities of
eighty-one FRP reinforced concrete beams designed according to
ACI-440. More recently, Shi et al. [9] presented a reliability analysis
of intermediate crack-induced FRP debonding in FRP strengthened
concrete members. They examined the probabilistic characteristics
of the model uncertainties for several widely used debonding mod-
els and calibrated the reduction factors for these models using the
first-order reliability method.
Although the aforementioned investigations paid attention to
the reliability analysis regarding concrete beam elements with
externally-bonded FRP and recommended reduction factors for
design, there are still many research questions. On the one hand,
few works can be found focusing on the reliability aspects for con-
crete beam beams with externally-bonded FRP. Although the glo-
bal reduction factor for resistance, as proposed in Plevris et al.
[1], Atadero and Karbhari [3,4], Pham and Al-Mahaidi [7] and Shi
et al. [9], is adopted by several design codes, its use constitutes a
divergence from the Eurocode, in which partial factors for actions
or material properties are more widely used. On the other hand,
membrane actions (especially compressive membrane action) has
been recognized as a significant benefit to the resistance enhance-
ment for longitudinally restrained concrete members (e.g. Valipour
et al. [10]). Moreover, the compressive membrane action proved to
have a beneficial influence on load-bearing capacities and service
behaviour in FRP reinforced concrete members (e.g. by Taylor
et al. [11] and Zheng et al. [12]) as well as in FRP strengthened con-
crete beams (e.g. by Zeng et al. [13,14]). Unfortunately, no reliabil-
ity based studies on FRP strengthened concrete members
considering the effect of compressive membrane action are
available.Fig. 1. Schematic view of longitudinally restrained beam.The objective behind this work has been mainly the reliability
analysis of FRP strengthened reinforced concrete (RC) beams con-
sidering compressive membrane action (CMA). Following this
introduction, the compressive membrane action in FRP strength-
ened beams is briefly explained and described, followed by a
description of the structural reliability calculations. Further, a
parameter study as well as a sensitivity analysis are performed.
Finally, a partial factor for the FRP strength considering CMA is
calibrated.2. Compressive membrane action in FRP strengthened RC
beams
Membrane action consisting of compressive membrane action
and tensile membrane action is exhaustively explored in conven-
tional RC one-way concrete beams since the first attempt by
Turner in 1909. A detailed summary related to CMA in FRP
strengthened RC members is referred to Zeng et al. [14]. For con-
crete beams strengthened with externally-bonded FRP, CMA is
believed to be efficient in improving the load bearing capacities,
which is exclusively elaborated in the authors’ previous publica-
tions (e.g. in Zeng et al. [14]). An outline of the CMA model in
FRP strengthened RC beams is briefly given below.
2.1. Assumptions
A model with four idealized plastic hinges formed symmetri-
cally along the considered beam is chosen to represent a standard
RC beam or a FRP strengthened RC beam. The perfectly rigid plastic
mechanism is the basic preassumption, which means that the seg-
ments between the idealized plastic hinges (or pseudo-hinges in
case of a FRP strengthened element) remain rigid. For simplicity,
a complete symmetry along the span is assumed with respect to
geometry, reinforcement, loading, boundary conditions and defor-
mations. The longitudinal restraints from surrounding structures
are idealized by equivalent axial springs with stiffness Ka. Fig. 1
shows the schematic view of the longitudinally restrained beam
structures, where br is the ratio of the span length ln from the
assumed plastic hinge at the beam end to the nearest hinge in
the span, to the beam span l.
When calculating the sectional moments and forces, widely-
adopted assumptions are used, including the assumptions of
plane-section, a full composite action of FRP, an idealized equiva-
lent rectangular stress block for concrete in compression, an igno-
rance of concrete tensile strength and the compressive strength of
FRP, a bilinear stress-strain relationship for steel bars and a linear
stress-strain relationship for FRP, all of which can be referred to fib
bulletin 14 [15]. The constitutive properties of component materi-
als are shown in Fig. 2. Further, the compressive strain of the beam
is assumed to be distributed uniformly along the beam span, i.e.
e  N/(EcAc), where N is the axial force, Ec is elastic modulus of
concrete and Ac is the cross-sectional area.
2.2. Failure modes
It is well known that the mode of failure of a FRP strengthened
concrete section depends on the amount of the materials used (i.e.
concrete, steel and FRP) and their corresponding mechanical prop-
erties, as well as the geometric configurations of the considered
member. The critical failure mode of such a section could be either
tensile steel yielding/concrete crushing (before FRP rupture or
debonding) or tensile steel yielding/FRP rupture (or FRP debond-
ing). The consideration of failure mode in the context of this work
also accounts for the stress state (yielding or not) of the compres-
sive steel reinforcement. If the stress state of the compressive steel
Fig. 2. Constitutive models for component materials. (a) concrete in compression; (b) steel and FRP in tension.
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section could be either both steel layers yielding (tensile and com-
pressive)/concrete crushing (A1), or tensile steel yielding/concrete
crushing (A2), or only tensile steel yielding/ FRP rupture (or FRP
debonding) (B).
Note that the failure mode of tensile steel yielding/compressive
steel yielding/ FRP rupture (or FRP debonding) is also possible to
occur. However, as pointed out in Zeng et al. [14], in the cases con-
sidered in this article the failure due to concrete crushing will
occur before the occurrence of FRP rupture (or FRP debonding) if
the compressive steel reinforcement has reached its yield strain.
As this observation is valid for all cases of this study, and to mini-
mize the complexity of the analysis, the failure mode of tensile
steel yielding/compressive steel yielding/FRP rupture (or FRP
debonding) is ignored. Furthermore, as can be seen in Zeng et al.
[14], in case CMA is considered concrete crushing would occur
before or simultaneously with FRP rupture (or FRP debonding)
when the FRP reinforcement ratio is applied considering traditional
design rules, which means the failure mode of the considered beam
is governed by concrete crushing in most cases. Consequently, the
failure modes due to FRP rupture or debonding (mode B) is of
minor importance. FRP rupture could be avoided by applying a rea-
sonably large amount of FRP and the debonding could be pre-
vented by quality control and appropriate anchorage measures
such as fiber anchorages, the feasibility and effectiveness of which
have been proven (e.g. [16]). Therefore, the practical failure mode
of a section mainly considered in this paper could be either steel
yielding (tensile and compressive)/concrete crushing (A1) or0.5 (1l t
(1
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Fig. 3. Idealized geometry deformation of one-tensile steel yielding/concrete crushing (A2). In case where the fail-
ure mode due to FRP rupture or debonding cannot be avoided, the
analysis should be carried out with caution. The effect of FRP rup-
ture (or FRP debonding) (mode B) on the reliability index will be
further discussed in Section 4.5.
2.3. CMA model in FRP strengthened RC beams
Due to symmetry, one-half of the deformed shape in Fig. 1 is
illustrated in Fig. 3. The axial force along the beam causes a hori-
zontal displacement at the support, t = N/Ka. The total contraction
of the beam is ebrl and the contraction of the middle portion is
(1  2br)el, given that the compression strain is uniformly dis-
tributed along the beam. For a given vertical deflection d of the
beam in the span, tanh  d/brl. Further it is considered that the
rotation h at the beam end is small so that sinh  h and cosh  1
hold. Considering the expressions of the beam strain e = N/(EcAc)
and longitudinal restraint deformation t = N/Ka, the compatibility
requirement can be expressed as in Eq. (1)
h x0  x1 ¼ d2þ
Nbr l
2
2d
1
EcAc
þ 2
Kal
 
ð1Þ
where x0, x1 are the neutral-axis depth in the span and at the beam
end, respectively; h is the beam depth. According to Fig. 3 and the
above assumptions, the axial force at the beam end is considered
to be equal to the axial force in the span, that is
Cc0 þ Cs0  T0  F0 ¼ Cc1 þ Cs1  T1  F1 ð2Þ2 )l
) nl
0cC
0T
0F
0x
FRP 
m steel 
half of the restrained strengthened beam.
b(a)  Geometry (b) Strain (c) Stress (d) Resultant
Fig. 4. Strain and stress distributions at the critical cross-section (beam end). (a) geometry; (b) strain; (c) stress; (d) resultant.
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the steel compressive forces, T0 and T1 the steel tensile forces,
and F0 and F1 the FRP tensile forces, acting on sections at the middle
span and the beam end, respectively. The calculation of these forces
is referred to Fig. 4.
2.4. Calculation procedures and experimental verification
It can be observed that all the terms in Eq. (2) can be expressed
in terms of known geometric and material properties and
unknowns x1 and x0 when the sectional force equilibrium analysis
is expressed. Then the unknowns x0 and x1 are obtained by solving
Eqs. (1) and (2) simultaneously for a known d. Furthermore, the
axial force (N) and bending moments (Mu1 and Mu0) can be
obtained by performing sectional analysis with reference to
Fig. 4. Consequently, the beam resistance can be obtained by
R ¼ 2ðMu1 þMu0  NdÞ
ln
ð3Þ
where R, Mu1, Mu0 are the load bearing capacity, the resistance
moments at the beam ends and at the beam midspan, respectively,
of the beam considered for a given value of d. Note that only the
case of a point load at midspan is studied in this paper; for a uni-
formly distributed load, an equation similar to Eq. (3) can also be
derived. Repeating the aforementioned procedures by changing val-
ues of d leads to a set of values of the beam resistance, the maxi-
mum of which can be seen as the ultimate resistance of the
considered beam.
As indicated in Eq. (3), the failure mode of the whole member
relates to the failure modes of the sections at the midspan and
the beam ends. In other words, the failure mode of the memberTable 1
Design variable distribution statistics.
X Description Dis
G Permanent load No
Q Variable load (50 year) Gu
as Concrete cover Bet
fck Concrete strength Log
Ec Concrete modulus of elasticity Log
ecu Concrete ultimate compressive strain Log
fy Steel yield strength Log
efu Ultimate strain of CFRP We
Ef Young’s modulus of CFRP Log
Ka Longitudinal restraint stiffness Log
KR Resistance model uncertainty Log
KE Load effects uncertainty Log
* Lower bound a = 0; upper bound, b = 3lX.here is the combination of the failure modes at midspan and beam
ends (or in between supports for continuous members), i.e.
(A1-A1), (A1-A2), (A2-A1) and (A2-A2). It is worth pointing out
that, according to assumption of failure mode, the strain of the
outer fiber of compressive concrete reaches to its ultimate strain,
the tensile strain of steel is considerably larger than the yield
strain, and the strain of FRP is less than its ultimate strain. In this
paper, if not specified, the ultimate concrete strain is 3.5‰ based
on fib bulletin 14 [15], the steel yield strain is calculated by its yield
stress, and the ultimate strain of FRP is the test value or a value of
1.5% is selected in case no test value is available. In addition, the
longitudinal stiffness is calculated based on the surrounding struc-
tural components or, for simplicity of the comparison in this paper,
a relatively large stiffness, such as 1  106 kN/m can be used if no
such information can be obtained.
Three kinds of previously investigated and reported laterally
restrained concrete beams were evaluated to prove the accuracy
of the proposed method in predicting the resistance of FRP
strengthened RC beams with the consideration of CMA: a group
of traditional concrete beams, a concrete beam strengthened with
FRP at the hogging zone and a concrete beam strengthened with
FRP at both the hogging and the sagging zones. The configurations
of these beams (28 beams in total) are listed in Table 2. The last col-
umn in Table 2 shows the ratio of tested load bearing capacity to the
calculated load bearing capacity. The average value of this ratio is
0.988 with a coefficient of variation of 0.08. This proves the accu-
racy of the model in predicting the load bearing capacity of FRP
strengthened RC beams taking into account CMA. For more details
of the experimental data, the reader is referred to Zeng et al. [14].
For sake of simplicity, this paper only considers the basic cases
(simplified model in Fig. 1) in the investigation of the reliabilitytribution type mean lX std., rX
rmal specified 0.05lX
mbel 0.6 Qk 0.35lX
a* specified 10 mm
normal fck + 2 r 0.15lX
normal 22[(fck + 8)/10]0.3 0.15lX
normal specified 0.15lX
normal fyk + 2 r 30 MPa
ibull efk + 2 r 0.10lX
normal specified 0.05lX
normal 1.2 specified 0.15lX
normal 1.0 0.15
normal 1.0 0.10
Table 2
Test database of CMA for beam systems.
Test* b  h
(mm)
l
(mm)
br
(-)
f c
(MPa)
fy
**
(MPa)
As0 (Af0)***
(mm2)
As1 (Af1) ***
(mm2)
Rcalc.
(kN)
Rtest
y
(kN)
KR
A1 150  300 2700 0.45 24.55 350 226.2 226.2 181.8 168.00 0.926
A2 150  300 2700 0.45 26.83 350 339.3 339.3 214.37 221.00 1.031
A3 150  300 2700 0.45 29.64 340 461.8 461.8 253.38 246.00 0.971
A4 150  300 2700 0.45 21.89 350 (340) 153.9 226.2 154.35 147.00 0.952
A5 150  300 2700 0.45 25.16 350 226.2 339.3 188.10 198.00 1.053
A6 150  300 2700 0.45 27.21 340 307.9 461.8 223.74 226.00 1.010
B1 150  300 4200 0.47 17.63 340 461.8 461.8 131.25 125.00 0.952
B2 150  300 5700 0.48 18.32 340 461.8 461.8 92.85 82.90 0.893
B3 150  300 5700 0.48 20.06 340 461.8 307.9 79.93 74.70 0.935
C1 100  200 2700 0.45 15.12 350 226.2 226.2 50.79 60.90 1.199
C2 100  200 2700 0.45 15.96 350 226.2 226.2 56.27 64.90 1.153
C3 100  200 2700 0.45 15.50 350 226.2 226.2 59.82 68.60 1.147
S1 150  250 5750 0.48 31.24 511 157.1 289.8 44.97 41.64 0.926
S2 150  250 5750 0.48 31.24 511 157.1 235.6 40.68 38.38 0.943
S3 150  250 5750 0.48 38.15 494 (511) 157.1 398.2 58.28 54.47 0.935
S4 150  250 5750 0.48 38.15 494 265.5 398.2 65.75 63.22 0.962
S5 150  250 5750 0.48 38.15 494 398.2 398.2 74.55 70.33 0.943
S6 150  250 5750 0.48 38.15 513 (494) 265.5 603.2 76.66 70.33 0.917
S7 150  250 4550 0.47 38.15 494 265.5 398.2 85.30 82.82 0.971
S8 150  250 3350 0.46 38.15 494 265.5 398.2 129.83 121.34 0.935
V1 180  180 5180 0.42 30.50 580 157.08 157.08 38.48 40.50 1.053
V2 180  180 5180 0.42 27.00 580 157.08 157.08 36.41 35.70 0.980
V3 180  180 5180 0.42 30.00 580 157.08 157.08 38.92 41.40 1.064
V4 180  180 5180 0.42 26.00 580 157.08 235.62 43.31 40.10 0.926
V5 180  180 5180 0.42 29.50 580 157.08 235.62 41.18 41.60 1.010
V6 180  180 5180 0.42 30.00 580 157.08 235.62 43.34 39.40 0.909
PM-1 152  305 7315 0.38 33.78 434 142.0 (180.6) 329.0 98.7 73.50 0.746
FR-1 152  305 7315 0.47 36.54 434 142.0 (283.8) 329.0 (516.1) 146.6 145.50 0.990
Mean c.o.v 0.988
0.080
* A1–C3 from [30]; S1–S8 from [31]; V1–V6 from [32]; PM-1 and FR-1 from [33].
** Value in brackets is the yielding strength for bottom steel bars.
*** Value in brackets is the area of the applied FRP; no value indicates no FRP was applied.
y Rtest is the peak load considering CMA in the test.
 An unexpected rebar rupture occurred in the test.
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the consideration of other situations where the FRP strengthened
member cannot be simplified to the model in Fig. 1, a method sim-
ilar to what is proposed above can also be developed. For example,
in case the (pseudo-) hinges do not form in a symmetric way as
indicated in Fig. 1, each portion between the adjacent two hinges
can be seen as rigid and can be simplified to be the configuration
shown in Fig. 3. This applies, for example, in case of different span
lengths. Once the aforementioned changes are added to the corre-
sponding equations, a similar calculation procedure can be devel-
oped. For more details of such adjustments, reference is made to
Zeng et al. [14].
Note that the objective of this paper is to investigate how CMA
contributes to the structural reliability of FRP strengthened con-
crete beams. In the above model, FRP is believed to be externally
bonded to the concrete surface. It has to be noted that applying
FRP on the top side at beam ends is sometimes impractical, espe-
cially if externally bonded FRP is used. For such cases, the near-
surface-mounted (NSM) technique may be a good alternative. Nev-
ertheless, the analysis procedures associated to the proposed
model can still be applied when NSM FRP is used by simply adjust-
ing the lever arm of the resultant of the FRP tensile reinforcements.3. Design variables and Monte Carlo simulations
3.1. Design capacity and design variables
According to the aforementioned model illustrating the flexural
behavior of FRP strengthened RC beams considering CMA, the basic
design variables can be divided into three categories: materialproperties, geometrical properties and load variables. The concrete
has compressive strength f c , elastic modulus Ec and ultimate strain
ecu; the steel reinforcement has cross-sectional area As, yield
strength f y and Young’s modulus Es; and the fiber reinforcement
has cross-sectional area Af , ultimate strength f fu and Young’s mod-
ulus Ef . The beam has beam length l, beam width b, beam depth h
and brwhich denotes the ratio of the span length from the assumed
plastic hinge at the beam end to the nearest hinge in the span to
the beam span. The external loads mainly consist of permanent
load such as the self-weight of concrete and dead-weight of con-
struction materials, and variable loads such as imposed variable
load, wind load and snow load. Except the above design variables,
the longitudinal stiffness, Ka, and the concrete cover as are also
considered.3.2. Variable statistics
In this work, the geometrical properties including beam width,
depth, length and br are treated as deterministic variables as their
variability is small compared to the corresponding specified values.
Similar to the dimensions of steel, the dimensions of FRP are con-
sidered as deterministic as the width of prefabricated FRP strips
varies to a very small extent since it is rather precisely controlled
in production. The width of strips is set by the widths of the forms
they are pulled through when they are produced with the margin
of error of these devices being small enough that nearly no varia-
tion exists. Except when it is hand-made based on fiber tows, their
variations can be ignored. Therefore, the FRP area ratio (qf) as well
as the steel area ratio (qs) can be treated as deterministic variables
due to their negligible variabilities. In addition, the Young’s
478 Y. Zeng et al. / Construction and Building Materials 169 (2018) 473–488modulus of steel reinforcement for all steel types can be consid-
ered deterministic. All other design variables are treated as random
variables, as shown in Table 1 and described below.
Considering that the permanent (G) and variable (Q) load effects
are the most dominant in the design of flexural concrete beams,
only these loads are taken into account. According to JCSS [18],
the permanent load is modelled as a normally distributed variable
with its mean value equal to its specified value and the coefficient
of variation (c.o.v) equal to 0.05. For the variable load, a reference
year of 50 years is adopted here. Consequently, the variable load is
modelled by a Gumbel distribution with a mean value of 0.6 times
the specified value and a c.o.v value equal to 0.35 (JCSS [18]).
According to Holicky and Sykora [17] and JCSS [18], the con-
crete strength is modelled as a lognormally distributed variable
with a mean value two times the standard deviation beyond the
specified strength, and the c.o.v ranging from 0.10 to 0.18; 0.15
is selected in this paper. It is well known that the concrete modulus
is related to its strength and a relationship between them can be
adopted from Eurocode 2 [19]. The concrete modulus is assumed
to be lognormally distributed with its mean value related to its
specified strength and its c.o.v 0.15. The ultimate concrete com-
pressive strain is assumed to be a lognormal variable with a spec-
ified value equal to its mean and the c.o.v equal to 0.15. Regarding
the properties of steel reinforcement, the yield strength is lognor-
mally distributed with a fixed standard deviation of 30 MPa. The
mean value of the yield strength is considered to be equal to the
specified value increased by two times its standard deviation.
The longitudinal restraint to which the beam is subjected is actu-
ally the resistance of surrounding structures. According to JCSS
[18], it can be modelled as a lognormal variable, the mean and c.
o.v of which equal to 1.2 times of the specified value and 0.15,
respectively. In addition, also the variation of the concrete cover
of reinforcing bars is important. According to Holicky and Sykora
[17], a bounded Beta distribution seems to be the most suitable
model to model the uncertainty in this case. A lower bound of zero,
a mean equal to the specified value of the concrete cover and an
upper bound of three times the mean are adopted.
With respect to probabilistic modelling of the properties of FRP
laminates, several researchers have carried out theoretical and
experimental investigations on this topic. Harlow and Phoenix
[20] proposed a sequence of convergent upper bounds for the Wei-
bull distribution of strength of composite materials based on the
chain-of-bundles model. Batdorf and Ghaffarian [21] analyzed
the size effect and strength variability of unidirectional compos-
ites. Mahadevan et al. [22] proposed a probabilistic progressive
failure model for composite laminates. In Barbero et al. [23] the
mechanical properties of composite materials was statistically
analyzed for structural design using theWeibull distribution. Later,
Okeil et al. [24] presented a method to estimate the strength of
unidirectional CFRP laminates based on the Weibull theory by
accounting for the size effect and the existence of stress gradients.
Also the statistical distribution of the FRP bar material was inves-
tigated using the Weibull distribution in [25,26]. Atadero et al. [27]
chose four distribution models, i.e. Normal, Weibull, Gamma and
Lognormal distributions, to study the variability of the tensile
strength, tensile modulus and thickness of three kinds (1/2/3 lay-
ers) of the field-manufactured wet layup CFRP panels which were
used for externally bonded reinforcement in a bridge deck rehabil-
itation. They pointed out that Weibull and Lognormal distributions
are the best distributions to prescribe the tensile strength and ten-
sile modulus, respectively. They also recommended for the design
values of FRP properties the mean value minus two times standard
deviation. Zureick et al. [28] reported the variability of the charac-
teristics of pultruded FRP based on a relatively large sample size
(over 600 samples). The strength and modulus relating to the
tensile, compressive and shear behavior of FRP were consideredusing Normal, Lognormal and Weibull distributions. It is interest-
ing to point out that the authors considered a Weibull distribution
as the best choice to model the characteristics of FRP because the
Weibull distribution enables to describe the weakest link hypoth-
esis of failure and is most commonly used for polymeric composite
materials although the authors admitted that the Weibull distribu-
tion seems not to be the best model according to the fitting results.
They proposed the five percentile of the Weibull distribution as the
design values for FRP characteristics. Later, Lekou and Philippidis
[29] presented an experimental study for the modelling of stochas-
tic behavior of a unidirectional glass/polyester composite. Normal,
Lognormal, Weibull, Gamma, Extreme type I and Extreme type II
distributions were selected to model the mechanical properties
including tensile, compressive and shearing properties and found
no distribution can be rejected at a 5 percent significance level.
It is worth noting that Atadero et al. [27], Zureick et al. [28] and
Lekou and Philippidis [29] reported that among most cases all the
models they selected are acceptable to fit the data. Considering the
findings in Atadero et al. [27] and Zureick et al. [28], the Weibull
distribution is adopted herein, which is consistent to other publica-
tions (e.g. [1,2]), to model the ultimate strength (strain) of FRP with
the specified value two times the standard deviation lower than
the mean value. The c.o.v of the tensile strength (strain) of FRP is
chosen as 0.10, which is justified when compared to the strength
variability of steel reinforcements and concrete (see e.g. [2,27]).
However, regarding the probabilistic model to describe the tensile
modulus of FRP, the choice of a Lognormal distribution by Atadero
et al. [27] differs from that of a Weibull distribution by Zureick
et al. [28]. The strengthening FRP used in this paper is similar to
the filed-manufactured wet-layup laminates shown in [27] but
not to the products investigated in [28], the data of which were
collected from either column axial compression tests or beam-
column tests from literatures. Therefore, in this paper the tensile
modulus of FRP is modeled by a Lognormal distribution the mean
equal to the specified value and the c.o.v equal to 0.05.
3.3. Model uncertainties
Model uncertainties may result from the lack of knowledge and
simplifications or because the used model is inexact and/or incom-
plete. As recommended by JCSS [18], the model uncertainty of
resistance can be defined as the ratio of test results Rtest to the cal-
culated results using proposed models Rcalc:, i.e.
KR ¼ RtestRcalc: ð4Þ
In JCSS [18], the resistance model uncertainty for conventional
concrete members under bending is modeled by a lognormally dis-
tributed variable with a mean of 1.20 and a c.o.v of 0.15. However,
this lognormal distribution with its statistics might not be suitable
for flexural concrete members considering CMA. Therefore it is of
importance to quantify the model uncertainties of concrete mem-
ber under CMA. Some available data of concrete beams considering
CMA from literature are listed in Table 2. The mean of the model
uncertainty, KR, is 0.988. In other words, the mean value of the
resistance model uncertainty considering CMA is smaller than
the recommended value of 1.20 in the model code [18]. This can
be explained as follows: on the one hand, for conventional concrete
flexural members, the mean of the resistance model uncertainty is
chosen larger than unity to consider the conservative design
aspects such as the ignorance of the hardening of steel reinforce-
ment; on the other hand, for concrete flexural beams considering
CMA, however, the beams normally fail at relative large deflec-
tions. This means the design of concrete beams taking CMA into
account is less conservative than that of the conventional concrete
beams. Because the sample size of the collected data is small, the
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structural reliability calculations, the resistance model uncertainty
is modelled as a lognormal variable, as recommended by the Prob-
abilistic Model Code [18]. The mean of this variable is taken as the
1.00. Although the c.o.v of KR from data (0.080, Table 2) is smaller
than the recommended value of 0.15 in the model code [18], in the
following analysis the c.o.v of the resistance model uncertainty for
FRP strengthened concrete members considering CMA is still taken
as the recommended value i.e. 0.15 because Table 2 relates to a
rather limited database. This is because except the uncertainties
due to concrete and steel reinforcement, the resistance model
uncertainty in FRP strengthened concrete members is also attribu-
ted to the uncertainties of the properties of FRP material. The vari-
ation of FRP properties is generally believed to be more significant
than in steel reinforcement and should be considered in the varia-
tion of the model resistance.
For the model uncertainties of load effects, KE, recommenda-
tions from the Probabilistic Model Code [18] are adopted, as shown
in Table 1.3.4. Simulation of resistance
Due to the complexity and nonlinearity of the problem, an esti-
mation of the probabilistic distribution and the corresponding sta-
tistical properties of the resistance model are especially helpful in
the following reliability analysis. With the distributions of the
design variables as well as the corresponding statistics, an example
beam can be analyzed probabilistically using Monte Carlo simula-
tions (MCS). The example beamwas designed with specified values
of beam width, depth, length and br of 200 mm, 400 mm, 10 m and
0.2 respectively. The beam is casted with C30/37 type concrete and
reinforced with longitudinal steel reinforcements with a reinforce-
ment area of 540 mm2 and 480 mm2 at the bottom and at the top
of the beam, respectively. The characteristic strength of steel is
500 MPa. Further this beam is strengthened with a layer of CFRP,
the width and depth of which are 100 mm and 1.2 mm, respec-
tively. The properties of CFRP are in agreement with Zeng et al.
[14], i.e. Ef = 190 GPa and efu = 1.5%. Data sets for each variable
were generated using the probabilistic distributions shown in
Table 1. Each of the generated random sets was analyzed using
the CMA model discussed previously. The bias and c.o.v of the
resistance, R, compared to the design value of the resistance, Rd,
is quantified based on these samples. In this specific case, the bias
(lR/Rd) is 1.45 and the c.o.v is 0.07. When compared to the bias
from other studies (e.g. [2,6]), this bias is approximately 25%
higher. This is because the CMA effect enhances the resistance
significantly. As pointed out in Zeng et al. [14], for this specific(a) 
Fig. 5. Probability density of normalizexample, the enhancement to load bearing capacity due to CMA
is around 25%. It should be noted that, in order to quantify the pos-
itive effect of CMA, CMA is not considered in the design stage but
only considered in the subsequent reliability analysis. This means
that in the design stage the traditional method (e.g. method in
Eurocode 2 [19]) is used to balance the external loads and the resis-
tances of the considered beams. Further note that introducing CMA
into the analysis may be of large importance when quantifying the
inherent additional safety against progressive collapse in relation
to robustness assessment. In the subsequent reliability analysis,
the external loads used in the design stage are considered while
the resistances of the considered beams are calculated taking into
account the CMA effect in the subsequent reliability analysis.
In order to select a good probabilistic distribution to model the
resistance considering CMA, Chi-square goodness-of-fit tests were
performed with a significance level of 0.05. Fig. 5a shows the prob-
ability density distribution of the normalized flexural resistance
along with the corresponding fitting curves using normal and log-
normal distributions. It is observed that a lognormal distribution
fits well the flexural resistance considering CMA. Unfortunately, a
Chi-square goodness-of-fit study showed that neither the normal
or lognormal distribution is reasonably accurate (v2-value are
16.0 and 39.1 for the normal and lognormal distributions, respec-
tively). However, the Chi-square goodness-of-fit, as well as Fig. 6
show that the distribution of KRR could be substituted by a lognor-
mal distribution with good accuracy (v2-value is 4.8). Therefore, in
the following sections, the variable KRR is modeled as a lognor-
mally distributed variable.4. Reliability study
4.1. Structural reliability and first order reliability method (FORM)
The limit state function (Z) is related to the difference between
the random resistance of the beam, R, and the random load effects
i.e.
Z ¼ gðX1;X2; . . .XnÞ ¼ R G Q ð5Þ
in terms of a number of basic random variables, X1, X2,. . .,Xn, repre-
senting geometries, material properties, loads and so on. Com-
monly, MCS can be used in order to estimate the failure
probability. Alternatively, also the first-order reliability method
(FORM) can be adopted, which is based on the first order expansion
of the limit state function at the design point. In cases the basic vari-
ables are not normally distributed, the transformation method pro-
posed by Rackwitz and Fiessler [34] can be used. According to
FORM, the reliability index in calculated as(b) 
ed resistance. (a) R/Rd; (b) KRR/Rd.
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where gðxÞ and @gðxÞ
@Xi
are the limit state function and its correspond-
ing partial derivatives evaluated at the design points; lXi , rXi are the
mean and the standard deviation of ith random variable Xi, respec-
tively. Methods to find the design point can be found everywhere
e.g. in reference [35].
When Z is linearly in terms of basic normal variables, the relia-
bility index b is related to the failure probability according to the
following relationship:
Pf ¼ UðbÞ ð7Þ
where UðÞ is the cumulative distribution function of the standard-
ized normal distribution, lZ , rZ are the mean and the standard devi-
ation of Z, respectively. Commonly Eq. (7) is also used to formulate
MCS results relating the estimation of failure probabilities in the
format of reliability indices.
4.2. Problem formulation
According to the above review of the flexural behavior of FRP
strengthened RC beams considering CMA, the limit state function
in Eq. (5) can be rewritten as
Z ¼ KRR KEðGþ QÞ ð8Þ
In many design situations for concrete structures (e.g. a simply
supported beam), the limit state function can be expressed explic-
itly by e.g. the formulation of bending moment resistance. How-
ever, it is worth pointing out that in the reliability analysis of
FRP strengthened concrete beams under the consideration of
CMA, it is seldom the case that the limit state function can be inter-
preted based only on the moment resistance of a specified section,
because the resistance of the specimen is not anymore only con-
trolled by the moment resistance of a specified section, as implied
in Eq. (3). Therefore, when considering CMA the limit state func-
tion of the beam is formulated as Eq. (8) while its closed form can-
not be found.
By referring to fib bulletin 14 [15], for FRP strengthened con-
crete flexural members the standard design format based on Euro-
code 0 [36] can be expanded as
Rd ¼ R    ; f ckcc
;
f yk
cs
;
f fk
cf
;   
 !
P Ed ð9Þ
where f ck, f yk and f fk are the characteristic strengths, with their cor-
responding partial factors, cc , cs and cf , of concrete, steel and fiber(a) 2 = 4.8 
Fig. 6. Probability plot of variable KRR: (a) lognreinforcement, respectively; Rd is the design resistance and Ed is
the design value of load effects. As recommended in fib bulletin
14 [15], cc ¼ 1:50, cs ¼ 1:15 and cf ¼ 1:20 for application of prefab
CFRP if not specified. To design a concrete member (in residential
structures) exposed to permanent and variable load effects in an
economical way, Eurocode 0 [36] recommends the fundamental
load combination (6.10a, b)
Ed ¼maxfcGGk þ w0;QcQQk; ncGGk þ cQQkg ð10Þ
with cG ¼ 1:35, cQ ¼ 1:5 the partial factors of the characteristic
value of the permanent load effect Gk, and variable load effect Qk,
respectively; w0;Q ¼ 0:7 the combination value of the variable load
effect and n ¼ 0:85 a reduction factor for the permanent load effect.
In order to consider a wide range of load combinations a load
ratio v is defined as follows:
v ¼ Qk
Qk þ Gk
ð11Þ
For a given load ratio, the characteristic permanent and variable
loads can be obtained for a given design resistance. The load ratio
may vary from nearly 0 to nearly 1.4.3. Calculation of the reliability index
In a normal design situation, the specified values of different
applied loads such as the permanent and variable loads are given
and all the unknown model parameters connected to resistance
model such as material properties and geometrical properties are
to be determined. A beam is designed to sustain a combination
of external loads. Then the random characteristics of the model
parameters and loads are considered (for example by the MCS
method) based on assumed variable distributions and relation-
ships among specified values, mean values and variations (e.g.
Table 1) to calculate the reliability of the beam considered. Because
of the prescriptions of the permanent and variable loads, this direct
approach shows its disadvantages in parameter studies and sensi-
tivity analysis where a wide range of material properties, geomet-
rical properties and load ratios are considered. To overcome this
difficulty, another approach is adopted here. In this approach, the
model parameters including material properties, geometrical prop-
erties and model uncertainties are given based on which the design
resistance, Rd, can be obtained by applying partial factors. Consid-
ering the variable load ratio in Eq. (11) and the relationship that Rd
= Ed the parameters of the permanent and variable load distribu-
tions can be calculated. Consequently, the permanent and variable
loads are sampled using simulation techniques and the reliability
indices are obtained based on Eqs. (6)–(8).(b) 2 = 181.5 
ormal distribution; (b) normal distribution.
Fig. 8. Quantification of CMA contribution to reliability index in RC beams.
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considering CMA effect
To examine the reliability of FRP strengthened concrete beams
considering CMA, the example beam in Section 3.4 was analyzed.
To effectively investigate the effect of CMA, the following four
groups of reliability indices were considered:
- bRC (EN 1990): the design resistance of the reinforced concrete
beam was analyzed without consideration of CMA (Rd,RC) and
with the design load effects (Ed,RC) calculated based on Eurocode
0 [36]).
- bFRP (EN 1990): the design resistance of the FRP strengthened
concrete beam was analyzed without consideration of CMA
(Rd,FRP) and the design load effects (Ed,FRP) were calculated based
on Eurocode 0 [36]).
- bFRP/CMA the design resistance of the FRP strengthened concrete
beam considering CMA (Rd,FRP/CMA) was obtained and the load
effects (Ed,FRP) was used to calculate the reliability indices.
- bRC/CMA for the reason of comparison, the corresponding RC
beam without FRP strengthening was also analyzed considering
the effect of CMA.
The reliability indices of this four groups with respect to load
ratios are shown in Fig. 7. Note that each curve in Fig. 7 (also in
subsequent reliability analysis) consists of two parts: a left part
and a right part which respectively corresponds to the fundamen-
tal load combinations (6.10a) and (6.10b) in Eurocode 0 [36]. First
it is found that when compared to RC beams the variabilities of the
FRP characteristics attribute to additional variation in the resis-
tance because the curve bFRP corresponds to lower values com-
pared to the curve bRC. Furthermore, as can be seen from the
figure, by comparing the curves bRC and bRC/CMA and also the curves
bFRP and bFRP/CMA, it is straightforward that the CMA positively
affects the reliability indices for all load ratio values because the
CMA effect positively enhances the resistance of the beam. Com-
pared to the CMA effect in FRP strengthened concrete beams, it is
concluded that the effect of CMA on reliability indices in conven-
tional RC beams is much more significant, which is consistent to
the authors’ previous observations [14]. In addition, with increas-
ing value of the load ratio the dependency of the reliability indices
on the CMA effect decreases. This is because higher values of the
load ratio are associated with more variation of the load effects.
To quantify the contribution of CMA to the reliability index of
RC beams, the reliability indices shown in Fig. 7 are analyzed.
The increase of the reliability index due to CMA is defined asFig. 7. Reliability index of FRP strengthened RC beams considering CMA.[bRC/CMA  bRC]/bRC for RC beams and [bFRP/CMA  bFRP]/bFRP for FRP
strengthened RC beams. As is shown in Fig. 8, the increase of the
reliability index due to CMA is about 17% to 40% for regular RC
beams and 7% to 15% for FRP strengthened RC beams. This again
proves that the effect of CMA on reliability index of conventional
RC beams is larger than in case of FRP strengthened RC beams. In
addition, an increase of the load ratio results in lower contribution
of CMA to the reliability index.4.5. Effect of failure modes governed by FRP rupture (or FRP
debonding)
As mentioned in Section 2.2, the failure mode of a FRP strength-
ened flexural member can be governed either by concrete crushing
(mode A) or by FRP rupture (or FRP debonding) (mode B). Only the
failure mode governed by concrete crushing is considered in Fig. 7.
It has been proven in one of the authors’ previous articles (Zeng
et al. [14]) that failure of the beam is governed only by concrete
crushing when the FRP reinforcement ratio is substantial enough,
and FRP rupture or debonding will never occur in these cases. As
for example shown in Fig. 9, the required amount of FRP reinforce-
ment corresponding to the change of mode B into mode A
decreases with increasing ultimate strain of FRP. Specifically for
the cases considered in Fig. 9, failure of the beam due to FRP rup-
ture (or FRP debonding) is not governing when efu = 1.5% is
adopted. In fact, in the case considered in Fig. 9, a small FRPFig. 9. Minimum FRP reinforcement ratio required to guarantee concrete crushing.
Fig. 10. Reliability index considering failure modes.
Table 3
Considered factors in the parameter study.
Category Parameter Unit Range
FRP property Reinforcement ratio, qf % 0.06–0.27
Young’s modulus, Ef GPa 100–400
Ultimate tensile strain, efu % 0.5–3.0
Steel property Reinforcement ratio, qs % 0.06–0.60
Yield strain, ey % 0.20–0.30
Concrete property Compressive strength, fck MPa 20–50
Ultimate compressive strain, ecu % 0.28–0.35
Geometric property Span-to-depth ratio, ln/h – 5.0–25.0
Longitudinal restraint, Ka kN/m 102–106
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debonding).
For the sake of completeness, the effect of FRP rupture (or FRP
debonding) (mode B) on reliability index is also investigated. Note
that in case of FRP rupture (or FRP debonding), the outer fibre of
the concrete in compression may not reach its ultimate compres-
sive strain. This means that the assumption of an idealized equiv-
alent rectangular stress block (Fig. 4) for concrete in compression
needs to be adjusted to consider a strain level ec 	 ecu. More specif-
ically, ecu is replaced by ec; ef is replaced by efu (in case of FRP rup-
ture) or ef,eff (in case of FRP debonding); and the ratio of the
equivalent rectangular stress block depth to the actual neutral-
axis depth should be changed, as indicated in fib bulletin 14 [15].
The structural configurations of Section 3.4 are adopted except
for the ultimate strain of FRP (efu = 1%) and the FRP reinforcement
ratio (0.10%). The reliability indices for mode A (concrete crushing)
and mode B (FRP rupture or debonding) with respect to the load
ratio are given in Fig. 10. It can be observed that the reliability
index decreases when FRP rupture (or FRP debonding) is the gov-
erning failure mode. Specifically for the considered case, the relia-
bility indices associated to the situation with FRP rupture
(debonding) are about 3% (20%) lower than theses associated with
the cases where concrete crushing occurs. It is obvious that when
FRP debonding occurs, the reliability index of the considered beam
decreases significantly. Therefore, effective measures such as
U-wrap could be applied when practical, as suggested in
Section 2.2.
Note that the effect of FRP rupture (or FRP debonding) on the
reliability index as well as the conditions to avoid FRP rupture
(or FRP debonding) are highly related to the structural configura-
tion of the member under consideration, including geometries,
properties of concrete, steel reinforcement and FRP. The observa-
tions in this study only hold for a specific configurations adopted
and caution should be taken in case other configurations are
considered.
5. Parameter study
As canbe seen in Section2, there aremany factors influencing the
load bearing capacity of FRP strengthened concrete beams consider-
ingCMA. It is therefore interesting to see how these factors influence
the corresponding reliability indices. Consequently four groups, i.e.
properties of FRP reinforcement, steel reinforcement, casting con-
crete and geometry are considered in the following parameter
study, as shown in Table 3. The results are given in Figs. 11–14.
In agreement with Zeng et al. [14], the higher the FRP ratio, the
less significant the CMA effect on the enhancement of the loadbearing capacity and hence the reliability index. When the beam
is heavily strengthened with FRP reinforcements, such effect due
to CMA can be ignored. This can also be found from Fig. 11a,b. Sim-
ilar conclusions apply to the effect of the FRP modulus. This is
straightforward as the FRP ratio and modulus are the multipliers
of the FRP’s internal stress resultant which contributes to the resis-
tance of the beam. However, it can be said that the ultimate strain
of the FRP nearly has no effect on the reliability indices, as shown
in Fig. 11c. This is because in this study, as indicated in [14], only
the concrete dominant failure mode is considered.
For steel properties, on the one hand, the dependency of the
reliability indices decreases to a negligible level with increasing
steel ratio (Fig. 12a). The reason of this decrease is similar to that
of the effect of the FRP ratio. On the other hand, the yield strain
has significant influence on the reliability indices. The larger the
yield strain (in the range 0.20–0.30%), the higher the reliability
indices. This is attributed to the fact that, for the given failure
modes considered, in a certain range of the yield strain (e.g.
0.20–0.30%) the resistance from the steel reinforcement increases
with increasing yield strain.
As indicated in Fig. 13, the reliability indices increase when the
used concrete has higher strength or lower ultimate strain. This is
becauseon theonehand, a higher concrete strength leads to ahigher
compressive force which has positive effect on the CMA effect; on
the other hand, a higher value of the concrete ultimate strain gives
rise to a higher ultimate deflection at which CMA is fully activated.
Also the effects of the geometric properties on the reliability
indiceswere examined, as shown in Fig. 14. Fig. 14a shows that, gen-
erally, the influence of CMA on the reliability index decreases with
increasing span-to-depth ratio. For the beams under consideration,
the span-to-depth ratio has a negligible effect on the reliability
index when ln/h ranging from 5 to 10. However, it should be noted
that the effect would be more significant if the span-to-depth ratio
is further increased. For example, the reliability index decreases sig-
nificantly if ln/h increases from 10 to 25. However, a concrete mem-
ber with a span-to-depth ratio of 25 is commonly viewed as an one-
way slab and is therefore out of the scope of this paper.
With respect to the effect of the longitudinal restraint, it is
found from Fig. 14b that when the longitudinal restraint is small
enough (e.g. smaller than 1  103 kN/m in this study) CMA cannot
be activated, and when the longitudinal restraint is relatively large
the CMA effect increases with increasing restraint and finally no
increase can be found when the restraint is large enough (e.g. 5
 104 kN/m in this study). This conclusion can be observed more
clearly in Fig. 14c. This explains the trend of the reliability indices
with respect to longitudinal restraint in Fig. 14b and is consistent
to the conclusions in [14].6. Sensitivity analysis
Similar to Section 5, four groups of properties were selected to
perform a sensitivity analysis. Their variations are given in Table 4
and the results are shown in Fig. 15.
(c) FRP ultimate strain 
(b) FRP modulus (a) FRP ratio 
Fig. 11. Effects of FRP properties. (a) FRP ratio, (b) FRP modulus and (c) FRP ultimate strain.
(b) yield strain (a) bottom steel ratio 
Fig. 12. Effects of steel properties. (a) bottom steel ratio (similar to top) and (b) yield strain.
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be drawn from Fig. 15: as to be expected a larger variation of the
properties considered attributes to lower reliability indices. The
explanation is that a larger variation gives rise to more samples
located at the lower part of the resistance distribution. For the con-
crete ultimate strain, the reliability index increases slightly with an
increase of the variation. By analyzing the simulated data, it is
found that the simulations for resistance for which a higher varia-
tion of the distribution characteristics was assumed have a larger
mean value and similar value of c.o.v when compared with simu-
lations where a lower variation was assumed. A higher variationleads to more samples located at the lower and the upper tails of
the distribution of the concrete ultimate strain at the same time.
However, as indicated in Fig. 13b, the resistance of the considered
beam corresponding to those lower tails has a rather large average.
In other words, a higher variation of the concrete ultimate strain
results in more samples located at the upper part of the resistance
distribution, which contributes to higher reliability indices.
Furthermore, Fig. 15 also illustrates that the variations of the
concrete strength, the FRP modulus as well as the concrete cover
have a significant influence on the reliability index; the variations
of the ultimate strain of FRP, the yield strain of steel reinforcement
(b) concrete ultimate strain (a) concrete strength 
Fig. 13. Effects of concrete properties. (a) concrete strength and (b) concrete ultimate strain.
     ( = 0.55) 
c) lon ud nal s ra ntg r
g l n(a) span-to-depth ratio (b) lon itudina  restrai t 
(  it i  e t i   
Fig. 14. Effects of geometric properties. (a) span-to-depth ratio, (b) longitudinal restraint and (c) longitudinal restraint (v = 0.55).
Table 4
Considered variation in the sensitivity analysis.
Category Parameter c.o.v. (or std.) range
FRP property Young’s modulus, Ef 0.02–0.20
Ultimate tensile strain, efu 0.05–0.10
Steel property Yield strain, ey 0.02–0.10
Concrete property Compressive strength, fck 0.05–0.20
Ultimate compressive strain, ecu 0.05–0.15
Concrete cover 5–20 cm
Geometric property Longitudinal restraint, Ka 0.02–0.10
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the reliability index; and the effect of the variation of the longitu-
dinal restraint on the reliability index can be ignored.It is worth noting that the effect of the (specified or mean value
of) a structural parameter on the reliability index is not identical to
the effect of the variation of the structural parameter on the relia-
bility index. For example, it is shown in Fig. 14b and c that the
effect of the longitudinal restraint is significant within the range
1  103 kN/m–5  104 kN/m for the considered example beam.
However, the effect of the variation of the longitudinal restraint
can be ignored for the beam under consideration, as shown in
Fig. 15f.
In addition, since the CMA model cannot be expressed in a
closed form, iteration processes are needed to obtain the solution
of the mode, i.e. the load bearing capacity and subsequently the
reliability index of the considered member. Therefore, in the sensi-
tivity analysis Monte Carlo simulations are adopted. Consequently,
Fig. 15. Sensitivity analysis. (a) FRP modulus, (b) FRP ultimate strain, (c) steel strength, (d) concrete strength, (e) concrete ultimate strain, (f) longitudinal restraint and (g)
concrete cover.
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obtained directly. Nevertheless, the results of the sensitivity anal-
yses provide similar information which allows to assess the influ-
ence of the structural parameters on the reliability.Fig. 16. Average least square analysis in calibration.7. Alternative partial factor for FRP strength when considering
CMA at the design stage
The objective of Section 7 is to point out the importance of
recalibrating the partial factors if (and only if) one wants to
account for compressive membrane action of FRP strengthened
elements in the design phase. Especially in those cases deviating
from classical design situations, sensitivity factors such as those
specified in Eurocode 0 might not be applicable, as the uncertain-
ties might have a considerable different influence on the safety
level and the sensitivity factors inherently involved in the problem
might have shifted considerably. When considering compressive
membrane action this proves to be the case. Hence, the partial fac-
tors for such design situations should be recalibrated. As a practical
solution, in this section the partial factor for FRP is recalibrated for
design situations where CMA is considered.
When calibrating partial factors for design purposes the group
of the partial factors which results in the smallest penalty should
be adopted. A common choice of the penalty is the variation of
the reliability index (of various FRP strengthened structures in
the calibration space) with respect to a target reliability index.
The calibration procedure proposed e.g. in [26] can be adopted.
This procedure mainly includes the definition of a design space
(example structures), the definition of a target of the calibration,
the definition of a penalty function and optimization. As shown
in Table 5, two rather extreme specified values (A and B) were cho-
sen for each variable in order to describe the design space. Mean-
while, three most probable load ratios, namely 0.3, 0.5 and 0.6
were selected for the following calibration. Hence, the design space
comprises a total of nc = 212  3 = 12288 design cases. Note that in
case the partial factors considering CMA are calibrated, it is
believed that the longitudinal restraint is stiff enough to enable
the activation of CMA, otherwise the designed members based on
such partial factors would be unsafe. Furthermore, the sensitivity
analysis in Section 6 shows that the variation of longitudinal
restraint is negligible. Therefore, the longitudinal stiffness due to
the surrounding structure, Ka, is not considered as a variable for
calibration.
The calibration aims at achieving a constant target reliability
level. In consistence with Eurocode 0 [36] and fib bulletin 14
[15], a target reliability index, bT, of 3.8 for a reference period of
50 years was adopted in this study. The average square of the dif-
ference between the obtained indices and the target index (VcF , i.e.Table 5
Statistical parameter of design variables in calibration.
Variable
X (unit)
Description Distribution type
l (m) length Deterministic
b (mm) Width Deterministic
h (mm) Height Deterministic
br (–) Span ratio Deterministic
as (mm) Concrete cover Beta*
fck (MPa) Concrete strength Lognormal
ecu (–) Concrete ultimate strain Lognormal
fyk (MPa) Steel strength Lognormal
qs (–) Steel area fraction Deterministic
qf (–) CFRP area fraction Deterministic
efu (–) CFRP ultimate strength Weibull
Ef (GPa) CFRP modulus Lognormal
* Lower bound a = 0; upper bound, b = 3lX.the variation of the reliability index within the calibration space) is
defined as the penalty function, as shown in Eq. (12)
VcF ¼
1
nc
Xnc
i¼1
ðbi  bTÞ2 ð12Þ
in which bi is the obtained reliability index for design case i; 1/nc
can be seen as a constant importance weight for all the design cases
[9]. To obtain the best partial factor of FRP strength considering
CMA, values ranging from 1.1 to 2.0 for cF are selected to evaluate
the reliability indices among the design space. The penalty is calcu-
lated for each value of cF, as shown in Fig. 16.
As expected, the penalty VcF initially decreases to the lowest
point and subsequently increases with the increase of the partial
factor. It can be seen clearly from Fig. 16 that, when CMA in taken
into account, the value of 1.20 proposed in fib bulletin 14 [15] for
the partial factor of FRP composites does not results in the smallest
variation of the reliability index in the calibration space. Hence, if
the partial factors for other materials e.g. concrete and steel pro-
posed in fib bulletin 14 [15] are adopted in the designs considering
CMA, the partial factor for the tensile strength of FRP composites
should be adjusted in order to ensure the designs with and without
CMA consideration reaches the same target reliability level.
As shown in Fig. 16, in order to achieve an average reliability
(bT = 3.8) subjected to the smallest penalty, a partial factor of 1.65
might be a good alternative for economical designs of FRP strength-
ened concrete beams when accounting for CMA already in the
design stage. However, it should be noted that this results in an
increase of the partial factor, which is mainly related to the change
in influence of uncertainties related to variables involved in
the bearing capacity when taking into account the compressiveSpecified value (Xn) Mean lX Std., rX
A B
5 10 – –
200 500 – –
1.25b 2.0b – –
0.2 0.5 – –
20 40 Xn 10 mm
20 45 Xn + 2 r 0.15lX
0.30% 0.35% Xn 0.15lX
280 500 Xn + 2 r 30 MPa
0.5% 1.5% – –
0.06% 0.27% – –
0.8% 2.0% Xn + 2 r 0.10lX
200 400 Xn 0.05lX
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is on the one hand a benefit in ultimate capacity which can be
gained by accounting for compressive membrane action in the
design, but on the other hand the partial factor for FRP increases
as a result of the increased influence of uncertainties of the vari-
ables involved.
8. Summary and discussion
This paper primarily focuses on the analysis of the compressive
membrane action (CMA) in FRP strengthened concrete beams from
the reliability perspective. The CMA model was briefly introduced
first followed by the investigation of the resistance model uncer-
tainty. Then a parameter study as well as a sensitivity analysis
were conducted and the partial factor for the FRP strength was cal-
ibrated. Based on the results presented previously in this paper,
following conclusions can be drawn.
The reliability shows that the effect of CMA on the reliability
indices of FRP strengthened concrete beams is significant. To sim-
plify the reliability analysis of a CMA based model, the resistance
uncertainty can be combined with the model uncertainty and the
variable after combination can be substituted by a lognormal
variable.
The parameter study shows that the effect of FRP ratio
decreases with increasing values of the ratio. However, if the beam
is heavily strengthened with FRP reinforcement, such decrease is
negligible. A similar conclusion applies to the FRP modulus and
steel ratio except that the effect of the steel ratio is less significant
than that of the FRP ratio. It is interesting to point out that the ulti-
mate strain of FRP nearly has no effect on the resulting reliability
index as the failure modes considered in this paper are concrete
dominant. For the yield strain of steel reinforcement as well as
the concrete strength, an increase of the factor gives rise to an
increase of the resulting reliability index. However, the opposite
conclusion applies to the effect of the ultimate compressive strain
of concrete and span-to-depth ratio. In addition, the longitudinal
restraint has a significant positive effect on the reliability index
in case where CMA cannot be fully activated.
Variations of concrete strength, concrete cover, FRP modulus,
ultimate strain of FRP, yield strain and longitudinal restraint were
selected to conduct the sensitivity analysis. For the specifically
configured beams considered in this paper, an increase of variation
of one of the variables causes a decrease of the reliability index,
which applies to all factors considered except for the ultimate
compressive strain of concrete. For concrete strength, FRP modulus
and concrete cover, an increase of variation significantly decreases
the reliability index; for the ultimate strain of FRP and yield strain,
an increase of variation moderately decreases the reliability index;
and the effect of the longitudinal restraint’s variation on the relia-
bility index could be ignored. However, the increasing variation of
the ultimate strain moderately increases the reliability index.
With the results of the parameter study and the sensitivity
analysis, a design space consisting of 12,288 design cases in total
were selected to calibrate the partial factor of the FRP strength in
the scope of European guidelines if (and only if) one would like
to account for CMA in FRP strengthened elements already at the
design stage. The variation of the reliability index with respect to
the target reliability index (i.e. 3.8, with a reference period of 50
years) is adopted to quantify the calibration efficiency. It is found
this variation decreases with respect to the partial factor from
1.1 to 1.65 and increases from 1.65 to 2.0. Therefore, a value of
1.65 is chosen as an alternative partial factor of FRP strength in
the design of FRP strengthened concrete beams in case the CMA
effect is taken into account at the design stage.
The results of this paper further elaborates the benefits of CMA
in FRP strengthened concrete beams All the failure modes of a FRPstrengthened concrete beams considering CMA were mentioned,
however, only the most probable failure modes are mainly exam-
ined in this study. The situation of other failure modes should be
investigated with more details in further research. In this study,
a target reliability index of 3.8 with a reference period of 50 years
is adopted from Eurocode for calibration. However, because for
cases where CMA is accounted the displacement at failure is rela-
tively large, a CMA-based designed FRP strengthened concrete
beam is less conservative than a conventionally designed FRP
strengthened concrete beam. Therefore, when CMA is considered
the penalty for under-designed FRP strengthened concrete beams
should be larger than that for under-designed conventional FRP
strengthened concrete beams. This issue is also of interest to be
investigated in the further research work.Acknowledgements
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